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Introduction
Some typical examples of one-dimensional cracks in isotropic materials or one-dimensional delamination in laminated composite materials are shown in Fig. 1 . For the sake of convenience, one-dimensional cracks and delamination are both called one-dimensional fracture in this work. Although fracture of engineering materials or structures is in general a three-dimensional mechanical problem, study of one-dimensional fracture still has great importance due to several reasons. One-dimensional fracture is often used in experimental tests, such as double cantilever beam (DCB) and end-notched flexure (ENF) tests, to obtain critical energy release rate or toughness of a material in either pure mode I or mode II fracture. In the case of a mixed mode, it is often used to investigate fracture propagation criteria. Moreover, many practical fractures in materials can be approximated as one-dimensional fracture. The most common ones are throughwidth fracture in straight or curved beams as shown in Fig. 1 , circular ring-type fracture in plates and shells in a drilling process (also shown), separation of two material layers in a bio-cell under a needle puncture, separation of stiffeners and skins in stiffened plate or shell panels, etc.
The study in this paper focuses on brittle one-dimensional fracture. That is, the materials in consideration are assumed to be linearly elastic. The primary goal is to develop theories to find pure fracture modes and partition a mixed mode into pure modes. By achieving this goal, the aim is to provide academic researchers with theoretical tools for determining critical energy release rates of pure modes and developing fracture propagation criterion, and industrial engineers with design guidelines.
An important pioneering work on the topic [1] was given by Williams for isotropic DCBs based on Euler beam theory. A pair of pure modes I and II were correctly given. However, the partition of a mixed mode was in error. Another piece of pioneering work [2] was given by Schapery and Davidson, which was also for DCBs based on Euler beam theory. The work [2] was not able to give the Williams pair of pure modes [1] and claimed that Euler beam theory did not provide quite enough information to obtain a decomposition of energy release rate into opening and shearing mode components. Hutchinson and Suo [3] and Suo and Hutchinson [4] reported their work on isotropic DCBs based on a combined Euler beam theory and 2D elasticity with the use of stress intensity factors. The work [3, 4] gave a combined numerical and analytical approach and was also unable to reproduce the Williams pair of pure modes [1] . The work [3] claimed the work [1] contained conceptual errors. Some other earlier works are given in Refs. [5, 6] . Several recent research works on the topic are quoted here among many others. These are Chen et al. [7] , Chen [8] , Zou et al. [9] , Wang and Qiao [10] , Li et al. [11] , Nguyen and Levy [12] , Yan and Shang [13] and Ouyang and Li [14] .
Recently, the authors have developed completely analytical theories for one-dimensional fractures in straight beams and axisymmetric plates made of either isotropic or laminated composite materials. Both classical and first order shear deformable beam or plate theories are used. The work has been reported on several occasions [15] [16] [17] [18] [19] 
The cross-sectional rotations and in Eq. (4) are the crack tip rotations of beam 1 and 2, respectively. yields
From this condition two independent pure mode I modes are obtained.
Two independent pure mode II modes can be obtained by using orthogonal conditions.
Note that by 'orthogonal condition' it is meant that and .
Moreover, it is also easy to show that and as pure mode II must be orthogonal to pure mode I. Moreover, both and are pure mode II modes corresponding to which is the orthogonal condition of . This set of pure mode pairs is called the Wang-Harvey pair. Details of this pair can be found in [20] . Therefore, a mixed mode can be decomposed into any three of the four pure modes given in Eqs. (6) and (7) . In this work , and are used. That is,
where are mode partition coefficients and can be easily determined for a given left hand side of Eq. (8), i.e. a mixed mode. Substituting Eq. (8) into Eq. (1) gives (9) The first three terms in the right hand side of Eq. (9) occurs. Since they are orthogonal to each other, the interactions result in zero net energy release rate. They are called stealthy interactions in this work because they alter the energy release rate partitions. In conclusion, Eq. (10) is not the correct partition in Euler beam theory and the stealthy interactions have to be considered. The crack tip opening force in can be calculated by using the first equation of Eq. (2) and Eqs. (11) and (12 It is worth noting that crack tip running contact will occur at the pure mode II modes and
. Therefore, a pure mode II region is generated beyond or .
Now, two crack tip shear forces and are included in Timoshenko beam theory. Since the through-thickness shear effect does not generate any axial displacement, and produce pure mode I fracture only. Here, it is designated as P mode I. The relative crack tip opening displacement and normal force are easily obtained.
The energy release rate P G in P mode I is then determined by using the crack closure technique.
It is easy to show that P G above is equal to
Similarly, there is no stealthy interaction between the P mode I and the pure mode II modes 
Laminated composite double cantilever beams
The DCB in Fig. 2 is now considered to be a composite laminate. Detailed development of this section can be found in [21] . Here, the essential part is derived. The use of beam theory means that only the , and laminate stiffness coefficients from classical lamination theory (CLT) are required. The 11 subscripts are therefore discarded in the present notation. By considering the strain energy, the energy release rate at the crack tip point B is
where 
In the context of Euler beam theory, the mode I energy release rate is then calculated as 
and (44) Within the context of Timoshenko beam theory the last three terms in Eq. (39) disappear. This is for the reasons described in Section 2.1. Now the through-thickness shearing effect under Timoshenko beam theory is accounted for.
The only laminate shearing stiffness required for beams is from CLT. This quantity is represented by in the present notation. By considering the additional opening displacement, the normal force at the crack tip due to shear forces and the interaction of these quantities with the mode I, the following is obtained:
where
Obviously there is no interaction between the P mode I mode and pure mode II modes in Eq. (46).
Clamped-clamped isotropic beams
A general clamped-clamped beam with a fracture is shown in Fig. 3 . Contact between the upper and lower beams is not considered. Crack tip forces and moments can be determined analytically in terms of the applied forces 1 P and 2 P . A mixed mode can be readily partitioned using the theory for isotropic DCB in Section 2.1. As the expressions of the crack tip forces and moments are in complex forms, they are not presented here. Fortunately, the pure modes in terms of and are relatively simple and will be derived below. In the same way as in Section 2.1, two sets of pure modes are expected. The first set corresponds to zero crack tip relative shearing displacement (pure mode I) and zero crack tip normal force (pure mode II) . The second set corresponds to zero relative opening displacement (pure mode II) and zero crack tip shearing force (pure mode I) 
The orthogonal condition to the zero relative shearing displacement condition is zero crack tip normal force condition . The mode corresponding to this condition could be derived by applying the orthogonality condition, however it is more convenient in this instance to simply enforce . The crack tip normal force is calculated as
The mode II condition itself dictates that the contribution to the normal force from modes and is zero. Therefore the requirement is simply which gives (57) where (58) (59)
It is worth noting that in Eq. (6) and in Eq. (7) for a symmetric crack with midspan loads. Now considering the second set of pure modes, the pure mode I mode is given by zero crack tip shear force . is given by 
That P θ ′ and P β ′ , relating and , are the same as and given in Eqs. (13) and (14), which relate to , should be no surprise since the axial forces induced at the crack tip by and have no effect on the opening displacement. Also, if and are equal and opposite , then regardless of how beams 1 and 2 deflect, beams 3 and 4 remain undeflected and the crack tip rotations are zero. Therefore 
Clamped-clamped composite laminated beams
A clamped-clamped composite laminated beam with a symmetric delamination is considered.
The loads and are applied at the mid-span. Again, contact is not considered. The study is again carried out using Euler beam theory first. In the same way as in the study in Section 3, gives pure mode I condition
Pure mode II arising from is too complex to be presented here algebraically.
gives pure mode II. As expected its orthogonal pure mode I is easily obtained as
Similarly, within the context of Timoshenko beam theory, the expressions for pure mode I and pure mode II are too complex to be presented here algebraically. However, when the through-thickness shear effect is not excessively large, they are very close to those in Euler beam theory.
Clamped circular isotropic plate
A clamped circular plate with a central delamination and loads is shown in Fig. 4 . By using the theory in the previous sections, the first set of pure modes in Euler beam theory are found to be (67) and (68) where and are given in Eqs. (6) and (7), respectively. The corresponding energy release rates are given by Eqs. (69) and (70). The second set of pure mode I and II modes are the same as those in Eqs. (62) and (63). In Timoshenko beam theory, the first set of pure modes is approximately pure and the second set disappears.
Numerical investigations
To validate the theory, an FEM simulation capability was developed based on Euler and Timoshenko beam theory and 2D elasticity. Normal and shear point interface springs with very high stiffness were used. The energy release rate partition was calculated using the virtual crack closure technique in conjunction with these interface springs [22, 23] . A contact algorithm was also implemented to deal with any possible contact in loading.
Tests with double cantilever beams
Two DCB cases were investigated. The first case is an isotropic one, the data for which is given in Table 1 . Since normalised data is used in this case, an interface spring stiffness of 10 6 was sufficient to model perfectly bonded plies. The second case is an orthotropic laminated composite one with real data. The material properties are for a T300/976 graphite/epoxy ply [23] . It has a cross-ply lay-up with 24 plies. In this case, an interface spring stiffness of 10 14 N/m was required. There is a delamination between the 16th and 17th plies. The data for this case is given in Table 2 . Present theoretical and numerical results are presented in Fig. 5 and Table 3 for the isotropic DCB and in Fig. 6 and Table 4 for the composite DCB.
Three sets of numerical simulations were run using FEM. The first set, which used linear Timoshenko beam elements, is for comparison with the present Euler partition rule. Very large out-of-plane shear moduli ( and for the isotropic and laminated composite case respectively) were used to simulate Euler beam theory. Two layers of elements were used to represent the beams with one on either side of the fracture. The elements were distributed uniformly. To avoid shear locking, reduced integration was applied. Use of linear Timoshenko beams correctly enforces continuity along the interface ahead of the crack tip. A very good agreement is observed between present theoretical and numerical predictions for both DCBs.
The second set of simulations, which was the same as the first set but which instead used the normal out-of-plane shear moduli (those given in Tables 1 and 2 ) and a shear correction factor of , is compared against the present Timoshenko partition rule. Again, a very good agreement is observed.
The final simulations used QUAD4 elements with the normal out-of-plane shear moduli. In the isotropic case, two and four layers of QUAD4 elements were needed in the top and bottom beams respectively for sufficient convergence. In the composite case, a layer of QUAD4 elements was used for each individual ply. This was found to be necessary to obtain converged results. The elements were distributed uniformly along the length and thickness. The results from these simulations are compared against the present Euler, Timoshenko and averaged partition rules. In general, QUAD4 results agree well with the averaged partition rule. Note that a pure mode II region starts around in Fig. 6 for the composite DCB due to crack tip running contact.
Tests with clamped-clamped beams
Two clamped-clamped beam cases were investigated. The first case is an asymmetric, isotropic one as shown in Fig. 3 , the data for which is given in Table 5 . The second case is a symmetric laminated composite one. It has a quasi-isotropic lay-up with 16 plies. There is a delamination between the 12th and 13th plies, which gives a thickness ratio of . The data for this case is given in Table 6 with the material properties given in Table 2 . The material properties are for a T300/976 graphite/epoxy ply [23] . In both cases an interface spring stiffness of 10 14 N/m was used. Present theoretical and numerical results are presented in Fig. 7 and Table  7 for the isotropic beam and in Fig. 8 and Table 8 for the composite beam.
The test procedure is identical to that for DCBs in Section 6.1. One set of simulations, which used linear Timoshenko beam elements, is compared against the present Euler rule. Very large out-of-plane shear moduli were used to simulate Euler beam theory. An excellent agreement is observed. Another set of simulations, which was the same as the first set but which instead used the normal out-of-plane shear moduli (those given in Tables 5  for isotropic beam and Table 2 for composite beam) and a shear correction factor of , is compared against the present Timoshenko rule. Again, the agreement is good. The final simulations used QUAD4 elements with the normal out-of-plane shear moduli. In the composite case, a layer of QUAD4 elements was used for each individual ply. In the isotropic case, two and four layers of QUAD4 elements were needed in the top and bottom beams respectively. In general, QUAD4 results agree well with the averaged partition rule. Note that pure mode II region starts beyond pure mode II for the isotropic beam and for the composite beam due to crack tip running contact. Table 9 gives the data of a circular plate shown in Fig. 4 . The loads are set to be and for mode I and for mode II. Table 10 . Excellent agreement is again observed between the analytical and numerical results.
Tests with clamped circular isotropic plates

Conclusions
Completely analytical theories are developed for the mixed mode partition of one-dimensional fracture in layered isotropic and laminated composite DCBs. The theories are readily extended to general composite beams and circular plates. Two sets of orthogonal pure fracture modes are discovered which are distinct from each other in Euler beam or plate theory and coincide at the Wang-Harvey set in Timoshenko beam or plate theory. The Wang-Harvey set forms a unique complete orthogonal pure mode basis within the contexts of both Euler and Timoshenko beam or plate theories. A mixed mode is successfully partitioned by using Wang-Harvey set. Stealthy interactions are revealed between the Wang-Harvey pure mode I modes and mode II modes in Euler beam theory. Although the stealthy interactions do not generate any net amount of energy release rate, they do cause energy flow between pure modes and alter the partitions of a mixed mode. The present Euler rule and Timoshenko rule agree very well with the respective beam FEM predictions. The present averaged rule agrees well with the 2D FEM predictions.
The developed theories can provide academic researchers with theoretical tools for determining critical energy release rates of pure modes and developing fracture propagation criteria. Moreover, they can provide industrial engineers with analytical guidelines for design against fracture. 
